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We give bounds for the functions fν(x) = Iν+1(x)xIν (x) and gν(x) =
I ′ν (x)
Iν (x)
, using the Mittag-Leﬄer
expansion. Some of the obtained bounds are already known and other are sharper than the
known or extend the validity of ν .
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1. Introduction
It is known [14] that the modiﬁed Bessel functions of ﬁrst kind Iν(x) satisfy the differential equation
x2 I ′′ν(x) + xI ′ν(x) −
(
x2 + ν2)Iν(x) = 0 (1.1)
and the recurrence relations
xI ′ν+1(x) = xIν(x) − (ν + 1)Iν+1(x) (1.2)
and
xI ′ν(x) = xIν+1(x) + ν Iν(x). (1.3)
In the literature many inequalities and monotonicity properties for the functions Iν(x) and for functions involving them,
have been proved by many authors (see the review paper [2,3,12]), motivated by problems that arise in many scientiﬁc
areas, as in ﬁnite elasticity [13], probability and statistics [5,6,15] and elsewhere (see [2,12]). The authors have used different
methods and the obtained results have been compared each other. All of these are given in Baricz’s paper [2]. Since it is
very analytically we mostly refer it and compare our results with the bounds given in [2,9–12].
In this paper we will give monotonicity properties and inequalities for the function
fν(x) = Iν+1(x)
xIν(x)
, x > 0, ν > −1 (1.4)
using the Mittag-Leﬄer expansion [14] for the modiﬁed Bessel functions of ﬁrst kind, which becomes:
Iν+1(x)
xIν(x)
=
∞∑
n=1
2
j2ν,n + x2
,
E-mail address: chrykok@math.upatras.gr.0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.07.004
738 C.G. Kokologiannaki / J. Math. Anal. Appl. 385 (2012) 737–742where jν,n are the positive zeros of Bessel function Jν(x). So, we have:
fν(x) =
∞∑
n=1
2
j2ν,n + x2
. (1.5)
We also give bounds for the function
gν(x) = I
′
ν(x)
Iν(x)
, x > 0, ν > −1. (1.6)
For ν > −1 and x > 0, we obtain immediately the following known results, for the function fν(x):
(1) [9] The function fν(x) satisﬁes the inequalities
2
j2ν,1 + x2
< fν(x) <
1
2(ν + 1) . (1.7)
It follows from (1.5) because of the inequality j2ν,n + x2 > j2ν,n and the known [14] sum
∑∞
n=1 1j2ν,n =
1
4(ν+1) .
We mention that in [9,10] are obtained also other sharper bounds than (1.7).
(2) [2] The function fν(x) decreases with respect to x.
In fact from (1.5) it follows:
f ′ν(x) = −4x
∞∑
n=1
1
( j2ν,n + x2)2
. (1.8)
We mention that in [11] the above result has been proved for ν  0.
(3) [2,10] The function fν(x) decreases with respect to ν , for ﬁxed x > 0.
Differentiating both sides of (1.5) with respect to ν we obtain:
dfν(x)
dν
= −4
∞∑
n=1
jν,n
djν,n
dν
( j2ν,n + x2)2
, (1.9)
and since [8] jν,n
djν,n
dν > 0, from (1.9) follows the desired result.
(4) [2,10] The function fν(x) satisﬁes the inequalities:
fν(x) <
tanh x
x
, ν > −1/2, (1.10)
fν(x) >
tanh x
x
, −1 < ν < −1/2, (1.11)
fν(x) <
coth x
x
− 1
x2
, ν > 1/2
and
fν(x) >
coth x
x
− 1
x2
, −1 < ν < 1/2.
The inequalities follow immediately applying the previous result.
(5) [4,12] Turán type inequality
I2ν+1(x) > Iν(x)Iν+2(x),
follows from the result (3) above, since ν + 1 > ν > −1.
2. Main results
Theorem 2.1. The function fν(x) satisﬁes the inequalities:
−ν + 1
x2
+
√
(ν + 1)2
x4
+ 1
x2
< fν(x) < −ν + 1
x2
+
√
(ν + 1)2
x4
+ 1
x2
+ 1
4(ν + 1)2(ν + 2) (2.1)
for x > 0 and ν > −1.
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f ′ν(x) =
d
dx
(
Iν+1(x)
xIν(x)
)
= I
′
ν+1(x)
xIν(x)
− Iν+1(x)
x2 Iν(x)
− Iν+1(x)I
′
ν(x)
xI2ν(x)
. (2.2)
Using the recurrence relations (1.2) and (1.3) Eq. (2.2) becomes:
f ′ν(x) = −xf 2ν (x) −
2(ν + 1)
x
fν(x) + 1
x
. (2.3)
Since from (1.8), f ′ν(x) < 0, (2.3) becomes:
−xf 2ν (x) −
2(ν + 1)
x
fν(x) + 1
x
< 0,
or
f 2ν (x) +
2(ν + 1)
x2
fν(x) − 1
x2
> 0. (2.4)
From (2.4) we obtain the left side inequality of (2.1) for x > 0 and ν > −1.
Combining (1.8) and (2.3) we have:
−xf 2ν (x) −
2(ν + 1)
x
fν(x) + 1
x
= −4x
∞∑
n=1
1
( j2ν,n + x2)2
. (2.5)
Since the inequality ( j2ν,n + x2)2 > j4ν,n holds, we obtain
∞∑
n=1
1
( j2ν,n + x2)2
<
∞∑
n=1
1
j4ν,n
= 1
16(ν + 1)2(ν + 2) [14]. (2.6)
From (2.5) and (2.6) we get the inequality:
−xf 2ν (x) −
2(ν + 1)
x
fν(x) + 1
x
>
−4x
16(ν + 1)2(ν + 2)
or
f 2ν (x) +
2(ν + 1)
x2
fν(x) − 1
x2
− 1
4(ν + 1)2(ν + 2) < 0
from which follows the right side inequality of (2.1) for x > 0 and ν > −1. 
Remark 2.1. (i) The lower bound for fν(x) given in (2.1) has been proved also in [11, Eq. (1.12)] and in [12, Eq. (51)], but
both of them hold for ν  0, so we extend the validity of ν to −1 < ν < 0.
(ii) The upper bound (2.1) is not sharper than the sequence of upper bounds (20) given in [12] for ν  0 but our bound
holds for ν > −1.
Theorem 2.2. For ﬁxed x > 0 and ν > −1, (i) the function fν(x) − 2j2ν,1+x2 decreases with respect to ν and (ii) the function fν(x) −
2ν+3
2(ν+1)(ν+2) increases with respect to ν .
Proof. (i) From (1.9) we get the inequality
dfν(x)
dν
< −4 jν,1
djν,1
dν
( j2ν,1 + x2)2
= 2 d
dν
(
1
j2ν,1 + x2
)
or
d
dν
(
fν(x) − 2
j2ν,1 + x2
)
< 0,
from which follows the desired result.
(ii) Since j2ν,n + x2 > j2ν,n holds, using the inequality [8] jν,n djν,ndν < 1ν+2 ( j2ν,n + 2) and the ﬁrst two Rayleigh sums for the
zeros of Bessel functions [14], we obtain
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n=1
jνn
djνn
dν
( j2ν,n + x2)2
<
1
ν + 2
[ ∞∑
n=1
1
j2ν,n
+ 2
∞∑
n=1
1
j4ν,n
]
= 1
ν + 2
[
1
4(ν + 1) +
2
16(ν + 1)2(ν + 2)
]
.
From (1.9), it follows
dfν(x)
dν
> −2(ν + 1)(ν + 2) + 1
2(ν + 1)2(ν + 2)2 . (2.7)
Since
d
dν
[
2ν + 3
2(ν + 1)(ν + 2)
]
= −2(ν + 1)(ν + 2) + 1
2(ν + 1)2(ν + 2)2
(2.7) becomes
d
dν
(
fν(x) − 2ν + 3
2(ν + 1)(ν + 2)
)
> 0
from which follows the desired result. 
Corollary 2.1. For ﬁxed x > 0, the function fν(x) satisﬁes the inequalities:
fν(x) <
2
j2ν,1 + x2
+ tanh x
x
− 8
π2 + 4x2 , ν > −1/2, (2.8)
fν(x) >
2
j2ν,1 + x2
+ tanh x
x
− 8
π2 + 4x2 , −1 < ν < −1/2, (2.9)
fν(x) <
tanh x
x
+ 2ν + 3
2(ν + 1)(ν + 2) −
4
3
, −1 < ν < −1/2 (2.10)
and
fν(x) >
tanh x
x
+ 2ν + 3
2(ν + 1)(ν + 2) −
4
3
, ν > −1/2. (2.11)
Proof. Taking in account the known [14] relations:
I1/2(x) =
√
2
πx
sinh x, I−1/2(x) =
√
2
πx
cosh x, j−1/2,1 = π
2
the above inequalities follow applying Theorem 2.2. 
Remark 2.2. The inequalities (2.8) and (2.9) are sharper than (1.10) and (1.11) correspondingly, since [8] jν,n increases with
ν for ν > −1. Also we mention that the inequalities (2.10) and (2.11) complement the inequalities (1.10) and (1.11).
Remark 2.3. If we use the known [8] inequality djν,ndν <
jν,n
ν+1 and the ﬁrst Rayleigh sum [14] for the zeros of Bessel functions,
then working similarly as in the proof of Theorem 2.3(ii), we obtain that the function fν(x) − 1(ν+1) increases with respect
to ν for ﬁxed x > 0 and ν > −1. From this fact we get the bounds
fν(x) <
tanh x
x
+ 1
ν + 1 − 2, −1 < ν < −1/2
and
fν(x) >
tanh x
x
+ 1
ν + 1 − 2, ν > −1/2
which have a simpler form than (2.10) and (2.11) correspondingly but they do not improve them.
Theorem 2.3. For ν > −1, the function fν(x) is concave function of x, on [− jν,1√3 ,
jν,1√
3
], where jν,1 is the ﬁrst positive zero of Jν(x).
Proof. Differentiating (1.8) with respect to x, we obtain:
f ′′ν (x) = −4
∞∑
n=1
j2ν,n − 3x2
( j2ν,n + x2)3
, (2.12)
from which follows that f ′′ν (x) < 0, for 0 < x <
jν,1√ . But, since fν(x) is an even function, it follows the desired result. 3
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fν(aν) + f ′ν(aν)(x− aν) fν(x) fν(aν) +
1
aν
(
fν(aν) − 1
2(ν + 1)
)
(x− aν).
Proof. Using Theorem 2.3 the function fν(x) is concave on x ∈ [0,aν ], so its graph lies above the line segment joining
the points (0, fν(0)) and (aν, fν(aν)) on the graph of fν on [0,aν ]. From this follows the right-hand side of the above
inequality, since from (1.5) we obtain limx→0 fν(x) = 12(ν+1) . The left-hand side inequality follows from the fact that the
tangent line to fν at the point (aν, fν(aν)) lies above the graph of fν on [0,aν ]. 
Theorem 2.4. For ν > −1 and x ∈ [0, jν,1] where jν,1 is the ﬁrst positive zero of Jν(x), the function f ′ν(x) satisﬁes the inequalities
f ′ν( jν,1) + f ′′ν ( jν,1)(x− jν,1) f ′ν(x)
x
jν,1
f ′ν( jν,1). (2.13)
Proof. Differentiating (2.12) with respect to x, we obtain
f ′′′ν (x) = −48x
∞∑
n=1
x2 − j2ν,n
( j2ν,n + x2)4
,
from which follows that f ′′′ν (x) > 0, for 0 < x < jν,1 or ( f ′ν)′′(x) > 0, for 0 < x < jν,1 which means that the function f ′ν(x)
is convex for 0 < x < jν,1 and ν > −1. So the inequalities (2.13) follow working similarly as in the proof of Corollary 2.2
taking in mind that limx→0 f ′ν(x) = 0. 
Remark 2.4. From the right-hand side inequality (2.13) it follows that the function f
′
ν (x)
x increases with respect to x for
x ∈ [0, jν,1] and ν > −1. This result is true, because from (1.8) it holds(
f ′ν(x)
x
)′
= 16x
∞∑
n=1
1
( j2ν,n + x2)3
> 0
for x > 0 and ν > −1.
Theorem 2.5. For ν > −1 and x > 0, the function gν(x) satisﬁes the inequalities:
gν(x) >
ν
x
, (2.14)
and ∣∣∣∣gν(x) + 1x
∣∣∣∣>
√
x2 + (ν + 1)2
x
. (2.15)
Proof. Using (1.4), the recurrence relation (1.3) becomes
fν(x) = I
′
ν(x)
xIν(x)
− ν
x2
(2.16)
or because of (1.6):
fν(x) = gν(x)
x
− ν
x2
. (2.17)
Since fν(x) > 0 from (2.17) follows (2.14).
Also, since the function fν(x) decreases with x, so from (2.16) we obtain:
d
dx
(
I ′ν(x)
xIν(x)
− ν
x2
)
< 0
or
I ′′ν(x) − 1 I
′
ν(x) − 1
(
I ′ν(x)
)2
+ 2ν
2
< 0. (2.18)Iν(x) x Iν(x) x xIν(x) x
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g2ν(x) +
2
x
gν(x) − x
2 + ν2 + 2ν
x2
> 0. (2.19)
From (2.19) follow the inequalities:
gν(x) > −1
x
+
√
x2 + (ν + 1)2
x
(2.20)
and
gν(x) < −1
x
−
√
x2 + (ν + 1)2
x
from which we obtain (2.15). 
Remark 2.5. (i) From (2.15), since fν(x) > 0 we get the same bound as the left side inequality of (2.1).
(ii) The bound (2.14) can be found in [7] but there it holds for ν  0.
(iii) We can easily verify that (2.20) is sharper than the lower bound (2.14) and the bound (48) in [12]. Also, although it
holds for ν > −1, for ν > 0 it is better than the correspondingly bound given in [1,7].
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